We give a new description of the fundamental double four-spiral semigroup.
Recall that Sp
have a number of interesting properties [3] . By Theorem 1 in [2] , Sp 4 is a Rees matrix semigroup over the bicyclic semigroup, and can be described up to isomorphism as the set of all quadruples (r, 
If C is a proper congruence on Sp 4 , then a C ad, and Sp 4 /C is completely simple. Therefore, when a D-class of a semigroup contains idempotents e < a linked by an E-chain of length 4, then a is contained in a subsemigroup of D which is isomorphic to Sp 4 or to Sp op 4 [3] .
2.
The fundamental double four-spiral semigroup DSp 4 may be defined as the semigroup 
Every reduced word p can then be written uniquely in the form p = X . q, where X ∈ F has the appropriate length, and q is a reduced word without e's.
Now q is a reduced word for the four-spiral semigroup and can be viewed as a quadruple (r, k, , s) in which r, s = 0, 1 and k, are nonnegative integers. In all cases k is the number of a's in q which may be replaced by e's; thus X . q is defined if and only if X has length k. Therefore p is uniquely determined by the quadruple (r, X; , s).
To describe the multiplication on DSp 4 in this form, let X denote X with the first letters removed (added, if = −1): 
where z = |Z|.
4.
This main result has a number of easy applications. The projection π : DSp 4 −→ Sp 4 may be described by π(r, X; y, s) = (r, |X|, y, s).
The partition of DSp
Up to isomorphism, A consists of all pairs (X, y), with multiplication (X, y)(Z, w) = (XZ y ; max(y, z) − z + w). Then Green's relations on DSp 4 may be described by: 
)(t, C; d, u) = (r, G; h, u), (r, G; h, u)(v, E; f, w) = (r, K; l, w), (t, C; d, u)(v, E; f, w) = (t, I; j, w), (r, A; b, s)(t, I; j; w) = (r, M; n, w)
We want to show that (r, K; l, w) = (r, M; n, w). Since Sp 4 is a semigroup, we have l = n, and need only show that K = M. There are four cases to consider. If (s, t),
The other cases are similar. If (s, t) = (0, 1) and (u, v) We show that ϕ is an isomorphism. As in [3] it follows from the defining relations that every element of DSp 4 can be written in reduced form:
. To prove that ϕ is an isomorphism (and that the reduced words are all distinct in DSp 4 ) we evaluate ϕ at all reduced words. 
These equalities actually hold for all m, n ≥ 0 as long as ϕ is not applied to empty products.
If now X = Y a has length m + 1 and ends with a, then These equalities also hold if n = 0. Inspection shows that every element of D is the image under ϕ of a reduced word, and that distinct reduced words in DSp 4 have distinct images under ϕ. This implies that the reduced words are all distinct in DSp 4 , and that ϕ is an isomorphism, which completes the proof.
6. Finally we use our main result to prove the following congruence property: that if C is a congruence on DSp 4 and C ⊆ L then DSp 4 /C is completely simple. This property implies that a D-class of a semigroup which contains idempotents e < a linked by an E-chain of length 4 must also contain a subsemigroup which is isomorphic to DSp 4 /C or to (DSp 4 /C) op for some congruence C ⊆ L [4] . For the proof we identify our two descriptions of DSp 4 and τ e = ad. By Lemma 2, a C ad C e. Therefore τ p C p for all p ∈ DSp 4 . Hence every C-class intersects T , and DSp 4 /C is a homomorphic image of T/C. But T/C is completely simple, since T ∼ = Sp 4 and a C ad shows that C is not the equality on T . Therefore DSp 4 /C is completely simple.
